We study the effects of intrinsic noise on chemical reaction systems, which in the deterministic limit approach a limit cycle in an oscillatory manner. Previous studies of systems with an oscillatory approach to a fixed point have shown that the noise can transform the oscillatory decay into sustained coherent oscillations with a large amplitude. We show that a similar effect occurs when the stable attractors are limit cycles. We compute the correlation functions and spectral properties of the fluctuations in suitably co-moving Frenet frames for several model systems including driven and coupled Brusselators, and the Willamowski-Rössler system. Analytical results are confirmed convincingly in numerical simulations. The effect is quite general, and occurs whenever the Floquet multipliers governing the stability of the limit cycle are complex, with the amplitude of the oscillations increasing as the instability boundary is approached.
I. INTRODUCTION
The subject of non-linear dynamics, with its wide range of tools and techniques, and its classification of the diverse types of behavior encountered, has in the last 20 or 30 years transformed our understanding of many models in the physical and biological sciences [1, 2] . All these systems are subject to random perturbations, but the study of the effects that the noise has on a particular system, while still very significant [3, 4, 5] , has not been nearly so extensive. Frequently the noise is added to the deterministic equations in a fairly ad hoc manner to obtain stochastic differential equations of the Langevin type. What is less often done is to start from a welldefined "microscopic" model defined by either a Markov chain or a master equation, and to treat the deterministic (macroscopic) limit of the model in a unified framework which also incorporates the stochastic elements of the problem. In this paper we will develop such a treatment for a particular class of problems. Conventional tools used in deterministic nonlinear dynamics (for example, Frenet frames and Floquet analysis) will turn out to also have a role to play in the stochastic version of the model.
The particular class of problems we shall investigate will be those which have a deterministic limit which, at large times, approaches a limit cycle in an oscillatory manner. That is, trajectories spiral into the limit cycle at large times. The motivation for studying such systems is the widespread interest that there has been in the analogous phenomena in systems which approach a fixed point in an oscillatory fashion. In this case, the effect of noise is, in many cases, to transform the oscillatory decay into a sustained oscillation about the fixed * Electronic address: richard.p.boland@postgrad.man.ac.uk † Electronic address: tobias.galla@manchester.ac.uk ‡ Electronic address: alan.mckane@manchester.ac.uk point. In this way the long-time behavior of the system is no longer a fixed point, but consists of stochastic oscillations which have a frequency which may be different to that which appears in the oscillatory decay in the deterministic version. The possibility of such an effect occurring has been discussed for some time [6, 7] , but it is only in the last few years that a full quantitative analysis has been given. The method has been applied to the study of stochastic oscillations in predator-prey systems [8, 9] , epidemiology [10, 11, 12] , chemical reactions in the cell [13] , auto-catalytic reactions [14] , among others. One of the important aspects of these oscillations is that they have an amplitude of order c/ √ N relative to the deterministic trajectory, where N is the size of the system (the maximum number of individuals, molecules, etc, that may be put into the system) and c is a constant which due to a resonance effect is usually quite large. This means that even for relatively large values of N , where the oscillations would be expected to be small and stochastic effects negligible, the relative amplitude can be of order one, and so the fluctuations may dominate the dynamics. This effect is usually referred to as stochastic amplification, to avoid confusion with the very different effect of stochastic resonance [15] .
The question that will interest us here is: does a similar phenomenon happen in other contexts, in particular when the stable state of a deterministic dynamical system is a limit cycle? Much less work has been done for this case as compared with the case of a fixed point, yet intuitively we would expect a similar effect to occur. In fact, the only previous studies we are aware of are by Wiesenfeld [16, 17] , who investigated the effects of noise on the stability of periodic attractors of various dynamical systems, such as the driven pendulum. He obtained analytical and numerical results on the power spectra of fluctuations about the limit cycles of such systems, but he adopted the approach that we mentioned above: by adding noise to the deterministic equations of motion. This is acceptable if the noise is external, as he was en-visaging, but if one wishes to understand the possible amplification of the underlying fluctuations due to intrinsic demographic stochasticity, then one needs to begin with the discrete dynamics, as we have already emphasized.
In a recent paper [18] , we have investigated a stochastic model of the well-known Brusselator system, which has a limit cycle in the deterministic limit. However, in this model the approach to the limit cycle is not oscillatory. As in the case of fixed points and in the applications listed above, a precondition for finding sustained coherent oscillations is for the stable limit cycles to be approached in an oscillatory manner. For a fixed point this condition is that the eigenvalues of the stability matrix about the fixed point are complex. For a limit cycle, the analogous condition is that the Floquet multipliers for the equations describing the small deviations away from the periodic path are complex. Floquet multipliers are found to be real in the Brusselator system, as the number of degrees of freedom is not large enough to produce complex multipliers, and no coherent amplification phenomenon is observed. Part of the motivation for the work described in [18] was to put the necessary tools in place, and to set the stage, for the investigation of model systems in which persistent oscillatory behavior about a limit cycle is to be expected.
We begin with a two-dimensional system. If the system is autonomous one of the Floquet multipliers will have a value of unity, which, as we will see, implies that the remaining Floquet multiplier has to be real. This means that complex Floquet multipliers can only be found in two-dimensional systems if they are non-autonomous. It is natural to achieve this by imposing an external periodic driving, so as to induce a limit cycle as the steady state. In order to make contact with our previous paper [18] we here first study the Brusselator forced by an external periodic driving. As it turns, out this system does indeed have complex Floquet multipliers for a range of possible values for the parameters of the model. We then discuss an autonomous system in three dimensions: the Willamowski-Rössler model, first introduced to describe chemical chaos. Finally, we consider a coupled set of two Brusselator systems as a four-dimensional illustration. Although we focus on these particular examples in the present paper, the formalism we will develop will hold in arbitrary dimensions and it will apply whether the system is autonomous or non-autonomous.
The outline of the paper is as follows. We begin in Sec. II with the forced Brusselator. By avoiding the technical complexities of working in general dimensions, appealing to some of the results used in our previous paper on the unforced Brusselator [18] , and not having to use the Frenet frame in the analysis, we hope to provide a gentle introduction to the basic ideas. In Sec. III we extend the analysis to the Willamowski-Rössler model which introduces some extra features over and above those used in Sec. II, and in Sec. IV we carry out the full analysis for a system in an arbitrary number of dimensions and illustrate its use on the coupled Brusselator.
We conclude in Sec. V. There are three mathematical appendices which cover the details of the formalism and some aspects of the calculations for the specific models considered in the earlier sections.
II. FORCED BRUSSELATOR
In this section we will study the Brusselator system, subject to an external periodic forcing. An analysis of the unforced model can be found in [18] , and much of the formalism remains unchanged. As it turns out, the introduction of the forcing actually simplifies some aspects of the dynamics as discussed below. While we re-iterate the main elements of the formalism and of the notation in the present paper, our previous work [18] may be consulted for specific details.
A. Model definitions
The Brusselator model is a relatively simple chemical system, composed of five different reactants (A, B, C, X 1 and X 2 ), and governed by the reactions [19, 20, 21] 
These reactions conserve the numbers of molecules of types A, B and C in the system, while those of X 1 and X 2 are the dynamical degrees of freedom. The role of the substances A, B and C is mainly to set the rates with which the first, third and fourth reaction occur, respectively.
The concentrations of the A and C molecules will be held constant in time in all variations of the model that we will consider, while the concentration of substance B will be used to apply an external driving force. The precise manner in which this forcing is implemented will be detailed below. On the deterministic level, the system is described by the following two coupled ordinary differential equations [19, 20, 21] 
where x 1 (t) and x 2 (t) describe the time-dependent concentrations of substances X 1 and X 2 respectively, the constant c the concentration of the C molecules (the concentration of the A molecules has been set equal to unity), and where b(t) is the externally controlled concentration of B-molecules. The unforced Brusselator is recovered by setting b(t) ≡ b 0 independent of time. In this unforced case the system may exhibit both fixed points and limit cycles, depending on the choice of the coefficients b 0 and c (see [18] and references therein for details), but no oscillatory approach to the limit cycles is possible as discussed below. For later convenience we rewrite Eqs. (5) asẋ = A(x, t) where
To complete the definition of the model it remains to specify the functional form of the forcing. We will here use a deterministic, periodically varying forcing, b(t) = b 0 (1 + ε cos(Ωt)), in Eqs. (5) . The non-negative control parameter ε sets the amplitude of the external driving, and Ω is its angular frequency. We restrict ourselves to ε < 1 so that the concentration of B-molecules remains non-negative. For ε = 0 we recover the unforced Brusselator.
B. Deterministic dynamics: Floquet analysis and stability of limit cycles
Floquet theory
For periodic functions b(t + T Ω ) = b(t), and assuming ε = 0, any periodic solutions of Eqs. (5) must have a time period T = nT Ω , where T Ω ≡ 2π/Ω and n is a positive integer. Numerical integration indeed shows that such cycles are found, though not for all choices of the model parameters. Furthermore, for the parameters that we have tested we only find limit cycles corresponding to n = 1. The stability of these periodic solutions may then be analyzed within the framework of Floquet theory [1, 22] . Assuming model parameters are set such that a periodic solution, x(t), of Eqs. (5) exists, one considers a small perturbation, ξ(t), about this solution. To linear order one then has
where K(t) denotes a 2 × 2 matrix with entries
, i, j = 1, 2 and ∂ j denotes a derivative with respect to x j . The explicit form of K(t) is given by Eq. (A1) of Appendix A, but given that b(t) and x(t) are of period T Ω it follows that K(t + T Ω ) = K(t). Equation (A1) is identical to that for the unforced case [18] , except that here b is replaced by a time-dependent function b(t).
In essence, Floquet theory states that, provided X(t) is a fundamental matrix of (7), then there exists a nonsingular constant matrix B such that
for all t. While the Floquet matrix B will, in general, depend on the choice of the particular fundamental matrix X(t), its eigenvalues can be shown to be independent of this choice [22] . The eigenvalues of B are usually referred to as the Floquet multipliers of the system (7).
For the forced Brusselator model there are two multipliers, and we denote them by ρ 1 and ρ 2 in the following. Since B is real, if one of the multipliers is real, so is the other. This is the situation found in two-dimensional autonomous systems. Characteristic exponents µ 1 and µ 2 are then defined by ρ i = e µiTΩ for i = 1, 2. We will now briefly discuss the properties of the resulting Floquet multipliers. In order to make contact with the unforced system it is useful to distinguish between the cases b 0 < 1 + c and b 0 > 1 + c, as the attractor of the unforced system is a stable fixed point in the former case, and a limit cycle in the latter [18] .
2. The case b0 < 1 + c A trivial application of Floquet theory is to the unforced case (ε → 0), so that b(t) ≡ b 0 . For b 0 < 1 + c the deterministic system is then known to approach a fixed point, see e.g. [18] for further details. Floquet theory remains formally applicable as the matrix K(t) in Eq. (7) becomes time-independent at the fixed point; we will write K(t) = K * . Indeed, in this case, formally the time period of the matrix K can be set arbitrarily, as one has K(t + τ ) = K(t) for all τ and t. Solutions to (7) may be obtained directly by integration, and they can be written as ξ(t) = exp{K * t}ξ 0 , where we have set the initial condition to be ξ(0) = ξ 0 . Considering two solutions, generated from two linearly independent initial conditions, we can construct a fundamental matrix, X(t). It then follows from the form of the solutions to Eq. (7), and from Eq. (8) , that the Floquet matrix B depends on the choice of the period, τ , as
Denoting the eigenvalues of K * by λ i , i = 1, 2, and those of B(τ ) by ρ i (τ ), Eq. (9) yields the relation ρ i (τ ) = exp{λ i τ }. If the eigenvalues λ i are complex, then they are a complex conjugate pair, λ ± . Setting c = 1 (which we do from now on), the eigenvalues of K * are given by
e. they are a pair of complex conjugates with non-zero imaginary part so long as b 0 < 4. The imaginary parts of λ ± will be denoted by ±ω * . We will refer to ω * as the natural frequency of the unforced Brusselator. When forcing is applied, then in the limit ε → 0, the functions ρ i (τ ) = ρ ± (τ ) are logarithmic spirals in the complex plane, for b 0 < 1 + c, i.e. they are of the form point, but instead it is found to have a limit cycle. In this limit however, the deterministic trajectory is observed to remain close to the fixed point of the unforced case. The matrix K(t) in Eq. (7) then approaches K * as ε → 0. It then follows that ρ i → exp{λ i T Ω }, so that the Floquet exponents µ i → λ i as ε → 0. We find from a numerical integration of the deterministic dynamics that increasing the level of the forcing amplitude tends to make the forced limit cycle more stable; that is, we find that the modulus of ρ 1 and ρ 2 decreases when ε is increased, as shown in Fig. 1 .
Let us end this subsection by returning to the interpretation of complex Floquet multipliers. According to Floquet theory, a solution to Eq. (7) may be written as a linear combination of solutions which have the property ξ i (t + T Ω ) = ρ i ξ i (t) for i = 1, 2. When the ρ i are complex conjugate pairs, this means that linear displacements from the periodic solution x(t) return to the limit cycle in elliptical spirals, in a way similar to the stable fixed point of the unforced case. We illustrate this typical behavior of complex Floquet multipliers in Fig. 2 .
The case b0 > 1 + c
The case in which b 0 > 1 + c is slightly more complicated than the one in which the unforced deterministic system approaches a fixed point. For b 0 > 1 + c the unforced system has a stable limit cycle solution [18] ; we will denote its angular frequency by ω 0 , where ω 0 generally depends on b 0 and on c. One of the Floquet multipliers is equal to unity [18, 21] , ρ 1 = 1, while the other one is found to be in the range 0 < ρ 2 < 1, consistent with a stable limit cycle attractor. We were not able to find any stable periodic solutions when integrating Eqs. (5) at small, but non-zero, forcing amplitudes ε at generic forcing frequencies. At fixed values of b 0 and c, periodic solutions are however found for all Ω when the forcing amplitude exceeds a critical value, which we denote by ε c (Ω), suppressing a potential dependence on b 0 and c. For ε ≥ ε c (Ω) these solutions are stable limit cycles, and the corresponding Floquet multipliers lie within the unit circle. Here we will exclusively focus on this regime. At ε = ε c (Ω) the multipliers have a modulus of one, so that the cycle loses its stability, and as in the previous subsection, increasing the forcing amplitude reduces the moduli of ρ 1 and ρ 2 , as shown in Fig. 3 . For our purposes it is sufficient to go on to study the case where the Floquet multipliers remain inside the unit circle, and to analyze the power spectra of stochastic fluctuations about the limit cycle in this regime.
C. Stochastic dynamics and system-size expansion
Specification of the Model
We now turn to a discussion of the stochastic microscopic Brusselator system, as defined by the reactions (1)-(4). Labeling the reactions by ν = 1, . . . , 4, we denote the rates with which each of the reactions occur by T ν (n, t). These rates depend on the state of the system n = (n 1 , n 2 ), where n i is the number of molecules of species X i , and for the forced system have an additional explicit dependence on time. For the Brusselator system
The combinatorial factors are as in the unforced case [18] . The time-dependent expression for T 3 reflects the periodic forcing, implemented through an externally-controlled variation of the number of Bmolecules in the system. We also define the vectors v ν , ν = 1, . . . , 4, each capturing the effects of a single occurrence of a reaction of type ν on the numbers of X 1 and X 2 molecules in the system. For the Brusselator v 1 = (1, 0), v 2 = (−1, 0), v 3 = (−1, 1) and v 4 = (1, −1) [18] .
Analytical description and system-size expansion
The time evolution of the probability, P n (t), of finding the system in state n at time t is then governed by the master equation This procedure is well-established and has been applied to a number of microscopic interacting particle systems, so that we do not describe the mathematical details here, but instead refer to [13, 23] . The main idea is to expand realizations n(t) of the microscopic dynamics about a deterministic trajectory, x(t),
and to derive an equation of motion for the fluctuations, ξ(t), from an expansion of the master equation (11) in powers of N −1/2 . To lowest order one finds that self-consistency requiresẋ = A(x, t), where A(x, t) = (A 1 (x, t), A 2 (x, t)) is given by the expressions in Eq. (6), recovering the deterministic dynamics of Eqs. (5) . These equations may also be derived by defining
and noting that
where we have used a deterministic approximation to write T ν (n, t) = T ν ( n(t) , t). Equations (6) are then recovered by setting x(t) = n(t) /N . At next-to-leading order the van Kampen expansion gives a linear Langevin equation for the fluctuations, ξ(t), about the deterministic trajectory which has the general form [13, 23] 
where, for the forced Brusselator, the matrix K(t) is defined in Eq. (A1). The term f (t) on the right-hand side represents a Gaussian noise of zero mean and with correlator
The matrix D(t) may be straightforwardly calculated from the van Kampen expansion [13, 23] . The explicit form for the forced Brusselator is given by Eqs. (A2) and (A3) in Appendix A. Equation (15) is a linear Langevin equation, and analytical progress is therefore possible. Of particular interest to us here are the correlation functions and power spectra of the fluctuations ξ(t). The time-averaged elements of the covariance matrix
We will in the following mostly focus on the diagonal elements C ii (τ ). Even though Eq. (15) is linear, the analytical computation of C ii (τ ) requires several intermediate steps, and final expressions need to be evaluated numerically. The details are left until the general theory, applicable to systems in an arbitrary number of dimensions, is explained in Sec. IV.
Comparison with simulations
In Fig. 4 we compare results from the analytical calculation just described, with measurements obtained from simulations of the microscopic dynamics. Simulations are carried out using the Gillespie algorithm [24] , suitably modified to account for the explicit time-dependence of the reaction rates induced by the external forcing [25] . Measurements in simulations are taken after a suitable equilibration period in order to minimize the effects of transients. Fig. 4 shows results from the theory (lines) and from simulations (markers), and as seen in the figure, the agreement between them is excellent, both for the time-averaged autocorrelation functions C ii (τ ) and the corresponding power spectra. The latter are obtained as the Fourier transforms of the correlation functions:
In the numerical simulations we first measure C ii (t, t ′ ), and then perform a time-average to obtain C ii (τ ). Subsequently a discrete Fourier transform is taken, to obtain P i (ω). From a practical point of view, C ii (τ ) is found only for τ ≥ 0, and then the even nature of the function (discussed later) invoked. Wiesenfeld [16] suggested peaks would be expected to be seen at frequencies nΩ ± Imµ, where n is a positive integer and Imµ is |Imµ 1,2 |, where µ 1,2 are the two Floquet exponents. However, our results indicate that the presence or otherwise of such peaks depends strongly on the choice of model parameters, and in particular on the position of the Floquet multipliers in the complex plane. For the case shown in Fig. 4 , for example, ρ 1,2 = 0.023 ± 0.46i and marked peaks are found at nΩ − Imµ, but not at nΩ + Imµ. A second example is shown in Fig. 5 , where we show data for a number of model parameters, resulting in Floquet multipliers much closer to the unit circle than for the example shown in Fig. 4 . Peaks are now found at all nΩ ± Imµ, with the peaks becoming more pronounced as the Floquet multipliers approach the unit circle (from within). In the limit |ρ 1,2 | → 1, the relaxation of autocorrelation functions becomes very slow and so larger values of τ need to be taken into account when performing the Fourier transform. This makes both the analytical expressions and the Gillespie simulations more computationally expensive and, for the parameters illustrated in Fig. 5 , Gillespie simulation is not feasible.
III. WILLAMOWSKI-RÖSSLER SYSTEM

A. Microscopic model
We have seen that forcing the two-dimensional Brusselator opens up the possibility of complex Floquet multipliers. This was not possible in the unforced case since there the deterministic dynamics is autonomous, leading directly to a Floquet multiplier of unity. Therefore, in order to see the effects of complex Floquet multipliers in an autonomous system, the simplest case has three dimensions. One such system is the Willamowski-Rössler model and we shall study the particular form given in [26, 27] . The model may be written as a chemical reaction system, involving three species X 1 , X 2 and X 3 , defined by
The parameters above and below the arrows indicate the relative rates with which each of the reactions occur. Absorbing potential combinatorial factors in the definition of the model parameters b 1 , b 2 , d 1 , and d 2 , the four reactions given in Eqs. (19) and (20) occur with rates
In isolation, these four reactions, (19) and (20) , ensure that the average numbers of species X 1 and X 2 , are of the order of N , so that N is again a measure of the system size. We will take the annihilation process (21) to occur with rate T 5 (n) = n 1 n 2 N −1 ; the prefactor in the rate of the reaction is taken to equal unity in order to agree with [26, 27] . The mathematically interesting limit is that in which the number of X 3 particles, n 3 , is of order N as well. This is the case when the remaining reaction rates are scaled suitably with N . Specifically we will assume that (22) occurs at rate T 6 (n) = n 1 n 3 N −1
and (23) 
B. Deterministic Dynamics and Frenet Frame
As in the case of the forced Brusselator, we may now find the equations of the corresponding deterministic dynamics using Eq. (14) . For the Willamowski-Rössler model these arė
There are a total of six fixed points of this system, but only one at which all concentrations are non-zero. This fixed point is given by
The stability matrix, K ij (x) = ∂ j A i (x), at this fixed point may be found from Eqs. (A4) and (A5) in Appendix A, by setting x(t) = x * . If the above non-trivial fixed point is unstable then limit cycle solutions of the deterministic equations may exist. Such solutions have, for example, been reported in [26, 27] , and we will focus on this limit-cycle regime in this section.
Following the notation of the previous sections we will denote the deterministic limit cycle trajectory by x(t), and we will write ξ(t) for the fluctuations about it, again as before. Much of the formalism we require has either been discussed in Sec. II, or in [18] . In particular one has an equation of the form (7) within a linear stability analysis of the limit cycle, and in the absense of noise. A direct consequence of the system being autonomous is that the velocity vector,ẋ(t), is itself a solution to Eq. (7). Since the velocity is periodic, one of the Floquet multipliers is equal to unity, as it is generally the case for limit cycles of autonomous systems. The dynamics is marginally stable in the direction of the velocity, so that longitudinal fluctuations behave diffusively and may grow without bound in the long run [18, 21] . We will focus our interest instead on the fluctuations in the transverse directions, since it is these that have the oscillatory behavior of interest to us. For stable limit cycles and in the absence of persistent noise, these transverse fluctuations decay in a manner characterized by the remaining Floquet multipliers. If the latter are complex, and if the system is subject to intrinsic noise, as induced by the underlying microscopic dynamics at finite system sizes, we expect these fluctuations to be enhanced into quasi-cycles about the limit cycle.
In order to separate longitudinal from transverse modes we need to introduce a suitable frame of reference. Such co-ordinates are provided by the Frenet frame [28] , which may be constructed by applying the GramSchmidt orthogonalization procedure to the first three time derivatives of the limit cycle solution x(t). Specifically, the co-moving basis vectorsê i (t), i = 1, 2, 3 of the Frenet frame are constructed sequentially, as discussed further in Appendix B. The fluctuations are governed by a Langevin equation of the form (15) . In order to isolate the transverse fluctuations, we rotate the Langevin equation into the Frenet frame. After the rotation, defined by a matrix, J(t), the Langevin equation takes the forṁ
where we follow our earlier paper [18] and write q(t) = J(t)ξ(t) for the fluctuations in the Frenet frame. The matrix is periodic and given by K tot (t) = J(t)K(t)J −1 (t) + J(t)J −1 (t) (see Appendix B) and g(t) = J(t)f (t) is the rotated noise term. It follows from Eq. (16) that the components of g(t) are each Gaussian white noise variables with zero mean and correlators
where G(t) = J(t)D(t)J −1 (t). For autonomous systems, it is shown in Appendix B that the existence of a longitudinal direction as described above, implies that the elements of the first column of the matrix K tot (t) vanish, except for the entry in the first row. A consequence of this is that the transverse dynamics may be effectively considered independently of the dynamics in the longitudinal direction. For the Willamowski-Rössler limit cycle this yields a pair of coupled linear Langevin equations in the two transverse directions, with exactly the same mathematical form as those of the forced Brusselator model. Hence the same techniques as before may be applied to produce analytical curves for the autocorrelations and power spectra in the two transverse directions. Note that in our previous work [18] , we were able to simplify the rotated Langevin equations further by a rescaling of the coordinates in the Frenet frame. We do not apply this additional transformation here, since for our purposes it is not essential.
C. Stochastic Simulation and Results
The Gillespie algorithm can again be used to generate realizations of the microscopic dynamics defined by Eqs. (19)- (23) . Since one Floquet multiplier in the Willamowski-Rössler system is equal to unity, there is a diffusive mode in the longitudinal direction. This means that the time-evolution (n 1 (t)/N, n 2 (t)/N, n 3 (t)/N ) of any single realization of this stochastic process may not remain close to the deterministic trajectory x(t), but instead |n(t)/N − x(t)| 2 ∼ t, where | · | stands for the Euclidean norm. This complication is not present in the driven Brusselator discussed in Sec. II, since in that case no such longitudinal diffusive mode exists.
This issue can however be dealt with as discussed in [18] . The procedure of extracting the deviation from the limit cycle is as follows: for every given data point n(t)/N generated by the Gillespie algorithm one identifies the point x(n(t)) on the limit cycle trajectory which is geometrically closest to n(t)/N , and then uses κ(t) = n(t)/N − x(n(t)) as the displacement vector. As described in [18] the longitudinal component of κ(t) vanishes, i.e. one hasẋ.κ = 0, while the remaining components define a stochastic process in the co-moving transverse plane, and as seen in [18] the magnitude of κ remains of order N −1/2 . This procedure allows one to effectively decouple the diffusive longitudinal mode from the transverse ones, and we will focus on the transverse components in the following, in order to characterize stochastic oscillations about the deterministic limit cycle. These components are then expressed in the Frenet coordinates, defined at x(n(t)). As an illustration, trajectories of the transverse components obtained from a single realization of the microscopic dynamics are shown in Fig. 6 for a fixed set of model parameters. In this figure, N (t) denotes the normal component, N (t) = κ(t).ê 2 (t), and B(t) denotes the deviation from the limit cycle in the binormal direction, B(t) = κ(t).ê 3 (t). Recall here thatê 2 andê 3 define a co-moving frame, i.e. that they carry a time-dependence as well.
In Fig. 7 , we show the resulting power spectra, and find very good agreement between simulation and theory for both the normal and binormal directions. There is a slight systematic deviation of data points from the theory, which occurs at integer multiples of the limit cycle frequency. We attribute these to remnants of the deterministic dynamics. The data shown in Fig. 7 was taken at model parameters resulting in complex Floquet multipliers with a modulus of approximately 0.3, and peaks are found in the power spectra close to frequencies nω 0 ±Im µ, where ω 0 is the angular frequency of the limit cycle. However, we also note that peaks are not observed at all frequencies nω 0 ± Imµ, especially in the spectrum of normal fluctuations. As for our findings in the driven Brusselator, this may be due to the fact that the Floquet multipliers in the example shown in Fig. 7 are relatively distant from the unit circle in the complex plane. Again based on our observations in the driven Brusselator one may expect additional peaks at frequencies nω 0 ± Imµ to emerge as the Floquet multipliers move closer to the unit circle. Despite an extensive search we have however not been able to find a set of model parameters which would result in Floquet multipliers with modulus close to unity, so that we are not able to give any further confirmation of this expectation here. We conclude this section by reiterating our main result, the near perfect agreement of the analytically obtained power spectra with simulations as shown in Fig. 7 .
IV. GENERALIZATION TO HIGHER DIMENSIONS AND THE COUPLED BRUSSELATOR A. General theory
It is expected that in the study of any real system, for example in biochemistry or in ecology, the number of distinct species, S, would be significantly larger than two or three. It is also possible that solutions to the Sdimensional deterministic equations in such a model may be periodic orbits, x(t). Hence, in this section we demonstrate the natural extension of the analysis in the previous sections to models of arbitrary dimension. Whether or not the system is autonomous, we begin with the van Kampen system-size expansion which yields a set of S coupled and linear Langevin equations for stochastic fluctuations, ξ(t). We simply note that their form naturally extends to arbitrary dimension and is unchanged from (15) , where the S × S matrix K(t) for the drift is given by K ij (t) = K ij (x(t)) = ∂A i (x(t))/∂x j , and the symmetric S × S matrix for diffusion, D(t) = D(x(t)), is calculated from the system-size expansion.
The subsequent steps of the analysis then depend on whether the system under consideration is autonomous or not. For non-autonomous systems no rotation is required, and one proceeds directly with the Langevin equation in Cartesian co-ordinates in S dimensions. If the system is autonomous, as in the case of the Willamowski-Rössler model, one first needs to rotate into the S-dimensional Frenet frame, and then to separate off the longitudinal component, resulting in a Langevin equation in S − 1 dimensions for the transverse components. The Frenet frame is defined in S dimensions in Appendix B. This then specifies the rotation matrix J T = (ê 1 , . . . ,ê S ), which is evaluated on the limit cycle so that J(t) = J(x(t)). The formalism is a straightforward generalization of that described in Sec. III for the Willamowski-Rössler model, except that there are now (S − 1) transverse directions, rather than just two.
Thus, for both autonomous and non-autonomous systems one eventually ends up with a Langevin equation in d dimensions, where d = S − 1 for the autonomous case, and d = S for non-autonomous systems, such as the driven Brusselator. The further steps of the calculation can hence be discussed simultaneously for the autonomous and non-autonomous cases. As described in more detail in Appendix C, the solution of this Langevin equation can be expressed in terms of any fundamental matrix X(t) of the corresponding homogeneous equation. Since the drift matrix, K(t) (denoted by K(t) in the autonomous case) is periodic, Floquet theory [22] asserts that a canonical fundamental matrix may be written in the form X(t) = P (t)Y (t), where P (t) and Y (t) are d × d matrices. The matrix P (t) is periodic with the same pe-riod as the drift matrix while the matrix Y (t) is given by Y (t) = e diag{µ1,...,µ d }t , where the µ i , i = 1, . . . , d are the Floquet exponents of the d × d homogeneous system. The periodic matrix, P (t), acting on the left is, in effect, a transformation matrix from the Floquet solutions to the coordinates of the Langevin equation, while its inverse makes the reverse transformation. The matrix Y (t) is a diagonal exponential matrix with entries e µit , with Reµ i < 0, for all i, for a stable limit cycle. It therefore acts on different Floquet solutions in different ways, reducing the value of some more quickly than others. The general solution of the Langevin equation (C1) which we wish to analyze, can be given in terms of the matrices P (t) and Y (t) and is given explicitly by Eq. (C5) in Appendix C.
Given the symmetric and periodic noise matrix, D(t) in the non-autonomous case-which we generally denote by G(t) using the notation of the autonomous casewe may calculate the autocorrelation function in closed form. In the basis corresponding to the Floquet solutions G(t) becomes the symmetric and periodic matrix Γ(t) = P −1 (t) G(t) P −1 T . These noise contributions are then integrated over one time period of the deterministic limit cycle, T , but weighted by decaying exponentials from the Y (t) matrix, to yield another symmetric and periodic matrix, Λ(t) (see Eq. (C7)), which gives the various covariances of the fluctuations in the space of the Floquet solutions. However, the focus of our interest is in the two-time correlations of the fluctuations which are shown in Appendix C to equal C(t + τ, t) = 2P (t + τ )Y (τ )Λ(t)P T (t). Therefore the autocorrelation function itself equals
for τ ≥ 0. The diagonal elements of C(τ ) turn out to be even functions of τ , as they ought to be. Power spectra, P i (ω) for i = 1, . . . , d, may then be calculated as the Fourier transform of diagonal elements of C(τ ), as in Eq. (18).
B. The case of two coupled Brusselator systems
In order to demonstrate the method on a concrete example, we will study a model composed of two coupled Brusselator systems. Two Brusselator units can be coupled in a number of different ways and here we construct the coupling in such as way as to draw parallels with the forced Brusselator discussed earlier. Chemical species X 1 and X 2 form a primary Brusselator through reactions, (1)- (4), with constant populations of A, B and C. We now also introduce species X 3 , X 4 and C ′ , which follow the reactions,
Given that substance A is part of both units, the secondary Brusselator therefore has the same system size as the primary one. The deterministic dynamics is given bẏ
When b > 1 + c there is a limit cycle in the primary Brusselator; we will again denote its angular frequency by ω 0 . These oscillations of the primary Brusselator act as a periodic forcing on the second, and for all parameters studied here, the second Brusselator shows cycles at the above frequency ω 0 . The two Brusselators together form a four-dimensional autonomous system. Hence, we will study the fluctuations of the large system-size discrete system which act transverse to the limit cycle. In this example then, we discuss the normal,ê 2 , binormal e 3 , and trinormalê 4 , directions. Once the periodic drift K(t) and diffusion D(t) matrices, given by Eqs. (A8)-(A11) in Appendix A, are rotated into the Frenet frame, we then calculate power spectra of transverse fluctuations via Eq. (31). The results of this are presented in Fig. 8 for the model parameters b = 3.3, c = 2, and c ′ = 1. We find very good agreement between theory and simulation performed using the Gillespie algorithm. For these parameters, one of the non-trivial Floquet multipliers, ρ 2 , is real and positive, while the remaining two, ρ ± , take on complex conjugate values. However, these multipliers are not associated with any particular transverse direction, as can be seen from the power spectra: in all three directions,ê 2 ,ê 3 , andê 4 , peaks are found at frequencies equal to a multiple of ω 0 , but also at those associated with the imaginary parts of the complex Floquet exponents, ω 0 + Im µ ± . While the general formalism we have developed in this section has been illustrated on the concrete example of the coupled Brusselator, it should be clear that it can be applied quite generally to investigate the fluctuations about a limit cycle in S-dimensions.
V. CONCLUSIONS
The phenomenon of stochastic amplification due to demographic, or intrinsic, noise has been qualitatively understood for fifty years, but it is only recently that it has been comprehensively and quantitatively described. This has been due in large part to the application of the technique of the system-size expansion, which is able to reproduce results obtained by numerical simulations to a remarkable precision. In fact, although this method allows for a systematic expansion in powers of 1/ √ N , there is usually no need to go beyond next-to-leading order. In essence, application of the method means that the use of numerical simulations to understand the cycles induced by noise could be dispensed with entirely.
If the systems under study are subject to an external periodic driving, for example biological systems subject to an annual cycle, then the deterministic dynamics may have a limit cycle as its stable state. In this paper we have investigated the effect that demographic stochasticity will have on this state. On general grounds one might expect that if the limit cycle was approached in an oscillatory manner, then stochastic cycles about the limit cycle could be sustained. We have shown that once again the system-size expansion may be applied to gain a quantitative understanding of this phenomena. The analysis is considerably more elaborate than in the case where the deterministic dynamics approaches a fixed point, but once again the method gives excellent agreement with numerical simulations.
The signature for the oscillatory approach to limit cycles is that the associated Floquet multiplier should be complex. This can occur for nonautonomous systems in two or more dimensions or autonomous systems in three or more dimensions. Since the eigenvalues of a typical real matrix in these dimensions will generically be complex, one might expect complex Floquet exponents to be common. Our investigations of various models, although far from comprehensive, suggests that they are quite common in periodically driven systems, but not so common in autonomous systems that are generally studied. There may be a dynamical reason for this, but it is as likely that this is due to the nonlinear systems appearing in the literature being selected for their period doubling transition to chaos, rather for the structure of their limit cycles.
In the past it was said that intrinsic noise could turn oscillatory decay to a fixed point into sustained oscillations. It was expected that these oscillations would have periods Im λ i , where λ i were the eigenvalues of the stability matrix for that fixed point. This is only true in a very broad sense, as studies over the last few years have shown. In reality the period may significantly deviate from Im λ i due to other factors, and the amplitude of the fluctuations may be much larger than might be expected due to a resonance effect. Analogously, one might guess that intrinsic noise could turn oscillatory decay to a limit cycle into sustained oscillations about that cycle and that these oscillations would have periods nω 0 ± Im µ i , where ω 0 is the period of the limit cycle and µ i are the Floquet exponents associated with that limit cycle. We have shown in this paper that this is indeed the case in a broad sense, but as for the case of the fixed point there is much more to the story than this. For instance, the expressions nω 0 ± Im µ i are again just an approximation to the frequencies and the amplitude of the oscillations will vary significantly depending on a number of factors, such as the magnitude of the Floquet multipliers. Fortunately, the system-size expansion once again gives results which are in excellent agreement with simulations and gives us a way of exploring the nature of these fluctuations. We expect that the ideas presented in this paper will have a number of applications, which we hope to explore and report on in the future.
The matrices which appear in the description of the fluctuations about the deterministic trajectory are given in this appendix. The drift matrix K(x) and the diffusion matrix D(x) are naturally functions of the concentration x. However, when the solutions of the deterministic dynamics, x(t + T ) = x(t), are limit cycles they themselves become periodic functions of time. For the remainder of this appendix, we shall suppress the time dependence of x(t) for greater clarity.
Forced Brusselator
where
and
where in addition to (A3) we have, In this appendix we will discuss the background, and develop the formalism, relating to the co-moving frame which we use to study the fluctuations from the limit cycles discussed in the main text. Such a frame, called a Frenet frame [29] , is a natural way to study displacements from a deterministic trajectory in any number of dimensions. Here we will denote the number of dimensions by S.
Consider the general autonomous problem which we may describe by a system of non-linear, homogeneous, first-order equations, dx dt = A(x).
Following [29] , we may define the Frenet frame by applying the Gram-Schmidt orthogonalization procedure to the time-derivatives of the solution, x(t). So long as the time derivatives are linearly independent, this gives the basis vectors,ê i (t), of the frame to be
dt i ·ê j (t) ê j (t), (B2) e i (t) = e i (t) |e i (t)| , i ∈ {1, . . . , S}.
We may now construct the matrix which transforms from Cartesian co-ordinates to the Frenet frame to be J(t) = (ê 1 (t), . . . ,ê S (t)) T . The transformation is by construction an orthogonal matrix O(S), and as such has the property that J T (t) = J −1 (t) for all times. We now wish to consider the effect of this transformation on the equation of a linear fluctuation, ξ(t), about the deterministic solution, x(t). For the time being we will neglect the noise term and consider the homogeneous equation,ξ(t) = K(t)ξ(t). The transformation to the Frenet frame takes the form ξ(t) → q(t) = J(t)ξ(t). Thenξ(t) = (J(t) + J(t)K(t))ξ(t) and so the rotated displacement obeys the linear equation,
where K tot (t) = K ′ (t) + R(t) and where K ′ (t) = J(t)K(t)J −1 (t), R(t) =J(t)J −1 (t).
We now evaluate the elements of the first column of the matrix K tot . These have an especially simple form, with K tot i1 = 0 for i > 1. This follows from the fact that, for an autonomous system,ẍ(t) = K(t)ẋ(t), and so the "velocity"ẋ(t), is a solution of the homogeneous equation that we are considering. From this, and from e 1 (t) =ẋ(t)/|ẋ(t)|, it follows that K ′ i1 (t) = 1 |ẋ(t)|ê i (t) ·ẍ(t).
The second term in the definition of K tot (t), R(t), may be written in terms of the basis vectors and, due to their orthogonality properties, we have
for i = 1. The rate of change of the longitudinal basis vector is given by ẍ (t) −ê 1 (ê 1 ·ẍ(t)) /|ẋ(t)| and so R i1 (t) = − 1 |ẋ(t)|ê k (t) ·ẍ(t), i = 1.
Adding Eqs. (B6) and (B8), and noting that R 11 = 0, we have So all of the elements of the first column of K tot (t) vanish, apart from the element which is also in the first row. The significance of this is that the transverse displacements, which we denote by r(t) decouple from the longitudinal displacements, denoted by s(t). So writing a general displacement as q(t) = (s(t), r(t)), we havė s(t) = K tot 11 (t)s(t) + K sr (t) · r(t),
r(t) = K(t)r(t),
where we have introduced the symmetric and periodic matrix integral,
and, in turn, the symmetric and periodic matrix Γ(s) = P −1 (s) G(s) P −1 (s) T .
All of the functions in Eq. (C6) are deterministic and may be evaluated given a good numerical estimate for the limit cycle solution x(t).
The infinite integral for Λ(t) may be evaluated as a re-summed finite integral due to the periodicity of Γ(s). The result, in terms of Floquet multipliers, ρ i , is then,
for i, j = 1, . . . , d. The origin of the prefactor is from an infinite geometric summation, ∞ n=0 (ρ i ρ j ) n , which is convergent when the Floquet multipliers are inside the unit circle.
Finally, although the details are not presented here, an expression can be found for τ < 0. It turns out that C(τ ) = C(−τ )
T , as it ought. Hence the final form is given by Eq. (31) for τ ≥ 0, and can be found from Eq. (31) for τ ≤ 0, supplemented by the condition C(τ ) = C(−τ )
T .
